ABSTRACT, Let M be an n-dimensional conformally flat manifold, A universal covering of M, M admits a conformal development map into Sn, When a development map is not surjective, we can relate the boundary of the development image with the limit set of the holonomy group of M. In this paper, we study properties of closed conformally flat manifolds whose development maps are not surjective.
the limit sets L(f) = L(G).
Under this assumption, if G has finitely many components, then such conformally flat manifolds are easily classified. (See Theorem 3.1 and Corollary 3.4.) In fact, these manifolds are locally homogeneous Riemannian manifolds (cf. Kuiper [11] , Takagi [22] ).
Further, if the holonomy group is discrete, then it is proved that the notion of limit sets in sn for a group of conformal transformations (cf. [12] ) coincides with that of the limit set as above. In our case, the boundary of the development image is shown to be equal to the limit set. Thus the classification of conformally flat manifolds whose development maps are not surjective and with discrete holonomy groups is closely related to the study of dynamical properties of groups of conformal transformations on higher-dimensional spheres. The classification of limit sets of Kleinian groups is far from complete, even in the 2-dimensional case (cf. [23, 24] ). Our assumption on the limit sets will impose a strong restriction on holonomy groups. It will be seen that the limit set lies in the boundary of a totally geodesic submanifold in a hyperbolic space.
The necessary facts of conformal and hyperbolic geometries will be explained in §1 as well as the definition of a conformally flat manifold. In §2, we shall study the limit sets mentioned above, and §3 will be devoted to the proofs of statements.
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1. Preliminaries and example of locally homogeneous conformally flat manifolds. Let G be a subgroup of GL(n, R). A G-structure of an n-dimensional smooth manifold M is a reduction of the structure group from GL(n, R) to G of the associated principal bundle L(M) to the tangent bundle of M. Equivalently, a G-structure on M is a principal G-subbundle of L(M). A G-structure on M is said to be integrable if there exists a coordinate neighborhood of p for each p E M with coordinates (Xl' ... ' xn) and the coordinate frame (O/OX I , ••• , %x n ) belongs to this subbundle. Suppose that G = O(n) X R+, consisting of matrices A with At. 4 = aI for a > O. It is easy to see that the conformal equivalence classes of Riemannian metrics on M is naturally in a one-to-one correspondence with G-structures on M. Furthermore, a G-structure is integrable if and only if any Riemannian metric corresponding to the G-structure is locally conformally equivalent to the flat euclidean metric on Rn. (For details see [9, 13] .) A conformally flat manifold is a Riemannian manifold with an integrable G-structure, or equivalently a Riemannian manifold whose Riemannian metric is locally conformally equivalent to the euclidean metric on Rn.
.
Let sn be the quadric hypersurface in the projective space pn+l defined by The map d is called a development map, and </> is called the holonomy homomorphism of 7T. </> ( 7T) is said to be the holonomy group of 7T. We will use these notations throughout this paper unless otherwise mentioned. On the other hand, from the point of view of classical automorphic function theory we can interpret conformal geometry in terms of the notions of visibility manifolds (cf. [2] [3] [4] It is well known that the geometry of (SO(l, n + 1), Hn+l) limits the boundary as (Conf(Sn), sn). Following this reinterpretation, the aim of this paper is to study conformal actions of sn in connection with isometric actions of Hn+l. More general results concerning visibility manifolds can be found in Chen, Greenberg, Eberlein and O'Neill's works.
We quote two necessary facts about hyperbolic spaces from those of [2] [3] [4] . (1) 1 ~ k ~ n -2. Choose a torsion free discrete uniform subgroup f of
Then f \ (HHI X sn-(Hl» is a closed conformally flat manifold whose holonomy group is discrete and isomorphic to f. In the case that
is a compact Riemannian manifold of nonpositive sectional curvature.
Riemannian manifold of nonnegative sectional curvature. In this case, f is isomorphic to either a group F ><I Z or an extension of F ><I Z by Z2 for some finite
Choose a torsion free discrete uniform subgroup f of SO(l, n). For a connected component Hn of Hn X So, f \ Hn is a hyperbolic space form. In summary, we have
) there exists an n-dimensional locally homogeneous
conformally flat manifold such that (1) the development map is not surjective, and (2) the holonomy group is discrete and isomorphic to f.
2. The limit sets of S". We consider the following sets: let f be a subgroup of Conf( S"). Then Ao = the closure of the set of points x E sn with isotropy subgroup fx infinite. Al = the set of cluster points of {yz lyE f}, where z E S" -Ao.
A 2 = the set of cluster points of { yK lyE f}, where K is a compact subset of S" -{ Ao U AI}.
Following the notation of Kulkarni [12] , A = Ao U Al U A2 is called the limit set of f. The set 0 = sn -A is called the domain of discontinuity for f. It is a result of Kulkarni [12] that if 0 =/= 0, then f acts properly discontinuously on 0, and thus f is discrete in Conf(S"). Recall that there is another limit set L(f). In the definition of the limit set in the classical case of Kleinian groups of Mobius transformations on a Riemannian sphere, a special feature of conformal geometry is implicitly used. One might expect that the above notion of the limit sets coincides with the classical one in the higher-dimensional conformal geometry.
PROPOSITION 2.1. Let f be a discrete subgroup of Conf(S"). If Ao =/= S", then
REMARK. The definition of limit sets does not make sense for finite groups. So we may assume that f is not a finite group. Then in our case f is not a torsion group. This follows from a result of Tits that every discrete subgroup of GL(n, R) is either virtually polycyclic or contains a noncyclic free group Z * Z, and thus f contains an element of infinite order.
PROOF OF PROPOSITION 2.1. Since f is discrete in SO(l, n + 1) = Conf(Sn), it acts properly discontinuously on H"+I. In particular, every element of infinite order is a nonelliptic element.
Step 1. Suppose that f has a fixed point. Then we will prove that A = Ao = Al = A2 = L(f) = {one point}, and f is a discrete subgroup of E(n);
, then it is isomorphic to its image in R+. Since every discrete subgroup of Sim(Rn) is finitely generated (i.e., virtually polycyclic), f is a free abelian subgroup of finite rank. In general, the limit set L(A) for an abelian group A consisting of nonelliptic elements consists of at most two points and is the set of fixed points of A. If f is as above, then L(f) consists of exactly two points, and hence f is isomorphic to Z. Further, consider the real algebraic closure of f, Step 2. Suppose that f has no fixed points. Then each Ai contains more than one point since they are closed f-invariant subsets. It follows from Lemma 1.3 that 
PROOF. It is easy to see that f is conjugate to a subgroup of Sim(Rn), or f is an extension of f' by Z2 for some f' c Sim(Rn). If f C Sim(Rn), then f C E(n) or f ::::: F)<J Z by Step 1 of Proposition 2.1. If f is an extension as above, then L(f') has exactly two fixed points of f'; otherwise f must be contained in Sim(Rn). Thus, f' :::: F)<J Z. 0 COROLLARY 2.5 [4, 12] . Let f be a discrete subgroup of Conf (Sn) . Suppose that
It suffices to show that the set Cr(K) = {y E f I yK n K =/= 0} is finite. Suppose that there exists a sequence {Yi} c f with YiK n K =/= 0; by passing to a subsequence, we may assume that there are well-defined dual points x = lim Yi p,
Then for a neighborhood U of x' with U n K = o and an arbitrary neighborhood Vof x, it follows that yn(sn -U) c V. We obtain YnK c V, so that K n V =/= 0. Therefore x E K. This contradicts that
We shall describe a relation between conformally flat manifolds and their limit sets (cf. [10, 11]). Let 7T \ X be a closed conformally flat manifold. Let (d, cp) be a development pair as in §1. Since d: X ~ sn is an immersion, dX is a domain. Let dX be the closure of dX in sn. DEFINITION 2.6 . The boundary of dX is defined to be the set dX -dX and is denoted by adx. It is noted that if we put A = sn -dX, then the set of boundary points of A is adX and ind.dimadX ~ n -1, where ind.dim is the inductive dimension.
It is easy to see that both adX and A are closed subsets of sn which are invariant under the holonomy group cp( 7T) = f. The following lemma gives a sufficient condition that dX = sn. LEMMA 2.7. If ind.dimadX < n -1, then A has no interior points; i.e., adX = A.
PROOF. This is an easy consequence of Alexander duality. In fact, where A is the set of interior points of A. 0 First we notice the following result which follows from the work of Fried [5] . PROOF. Let 1 -+ Ker</> -+ ' IT -+ f -+ 1 be the obvious exact sequence. Since f is finitely generated, there is a torsion free normal subgroup f' of finite index in f. Consider the induced exact sequence 1 -+ Ker</> -+ 'IT' -+ f' -+ 1 associated to the above sequence. Then there is the following commutative diagram for which vertical arrows are covering maps: (
ii) The identity component GO is compact, and GIGo is infinite and has no torsion free normal solvable subgroups. Further, there exists a G-invariant k-dimensional
PROOF. Let M = '1T \ X be as before.
Step 1. Suppose that GO is noncompact and has compact radical. It is easy to see that GO has no fixed points in sn, and L(Go) contains more than two points. Then it follows from [3, Lemma 4.4.5] that GO = H . K, where H is a simple Lie group and K is a compact Lie group. Moreover, H is a transitive subgroup of a totally
We can assume by our hypothesis and Proposition 2.8 that adX contains more than one
The immersion d: X -+ SrI -Sk defines a Riemannian metric on X such that d is a local isometry and '1T c J( X) with respect to that metric. Since '1T \ X is compact, X is complete. Hence, d:
(1) Suppose k =I=-n -2. Then d is an isometry because sn -Sk = Hk+l X sn-(k+ 1) is simply connected. It follows that '1T "" f is discrete, and '1T \ X = f \ H k + 1 X S,,-(k+l) is a locally homogeneous Riemannian manifold as in 1.7. 
where 17 if necessary, we may assume that the above extension is central. Then it follows from the results of [7, 16] that there is a subgroup 71" of finite index in 71' for which 17' \ X is diffeomorphic (not necessarily isometric) to the product SI X N, where N = p( 71") \ H n-1 is a hyperbolic space form. Next, in this case we prove that f is discrete (this occurs if and only if Ker </> = 71' () Z is nontrivial). Suppose that f were not discrete. Let I' be the closure of f in SO(l, n -1) X 0(2). Then it is easy to see that I' = SO(2) . f. In particular, I'o = SO(2). On the other hand, it follows from the property of limit sets [3, Lemma 4.
3.2] that L(f) = L(I').
If we take I' as G, then it satisfies the hypothesis of Theorem 3.1. Since I' O = SO(2), this contradicts the hypothesis of Step 1 that GO is noncompact. As a consequence, 17 \ X finitely covers the example f \ Hn-1 X SI as in 1.7 (when f is torsion free).
Step 2. Suppose that GO has a noncompact radical. It follows from the result of [8] that GO has a unique fixed point {x} or exactly two fixed points {x, y} in sn. Since GO is normal in G, a subgroup G' of index at most 2 in G has a fixed point x. It follows that G' C Sim(Rn), where Rn = sn -{x}. Now, Step 1 of Proposition 2.1 and the fact that Sim(Rn) = Rn ~ (O(n) X R+) imply that G' must have the cf. [1] ). It follows from the property of limit sets
Since L(f) C adX as before, we have that dX C S" -Sk (1 < k < n), dX c snSo, or dX c R". We prove that the first case does not occur. If dX c sn -Sk (1 < k < n), the same argument of Step 1 shows that f is discrete since GO is noncompact. The intersection f' = f () G' has finite index in f. It follows from
Step 1 of Proposition 2.1 that L(f) = L(f') consists of at most two points. This
Choose an SO(I, 1) X O(n)-invariant metric on S" -SO = HI X sn~l as in 1.7 and choose a Riemannian flat metric on R" so that E (n) ::l G is the group of isometries. Since n ~ 3, it is easy to see that 'IT' \ X is a locally homogeneous Riemannian manifold r \ HI X S"~1 or a Riemannian flat manifold r \ Rn, respectively. In the case that 'IT' \ X = r \ W X S"~1, r is discrete in SO(I, 1) X O(n) and isomorphic to either F Xl Z or an extension of F Xl Z by Z2' by Corollary 2.4. Thus 'IT' \ X is finitely covered by a Hopf manifold.
Step 3. From Steps 1 and 2, we can assume that GO is compact for any positive dimensional closed subgroups G which satisfy the hypothesis of Theorem 3.1. Since GO is nontrivial, the set of fixed points of GO is a (k + I)-dimensional totally geodesic submanifold H k + 1 in H"+I. Note that if GO has a unique fixed point in H Il + \ then so does G. Thus L ( G) = 0, and G is compact. It is easy to see that M is a spherical space form. By our hypothesis, the development map is not surjective. Thus 0 ~ k ~ n -1. Since H k + 1 is invariant under G, so is aH k + 1 = Sk. Then G sits inside the following exact sequence:
where A = O(n -k) n G and B = GIA. Moreover, A and B satisfy the following:
It then suffices to show that 1 ~ k ~ n -2, and GIGO is infinite and has no torsion free normal solvable subgroups. First suppose that GIGo is finite. Then G is compact. We may assume G C O( n + 1). If we choose an O(n + I)-invariant Riemannian metric of constant positive curvature on S", then X admits a 'IT'-invariant Riemannian metric of constant positive curvature. Since 'IT' \ X is compact, X is complete, and thus 'IT' \ X is a spherical space form r \ S". It follows that dX = S". This contradicts the hypothesis that d is not surjective. Suppose that GIGO contains a torsion free normal solvable subgroup. Then so does B. Since B is discrete in SO(I, k + 1) = Conf(Sk), it follows from Corollary 2.4 that B leaves at most two points invariant. By taking a subgroup G' of index at most 2 in G, we may assume that G' has a fixed point x in Sk. Thus G' is contained in Sim(R") where R" = S" -{x}. Then in this case G' must have the form (1) 'IT is isomorphic to f via the homomorphism cpo (2) 'IT \ X is a manifold of type (5) .
As in the argument of Step 1, it is the case that k = n -2 and fO = SO (2) . The result follows from the argument in the beginning of (2) of Step 1. 0 REMARK 3.3. There is an equivariant projection
where
Thus, 'IT \ X admits a conformally flat structure for which the holonomy group cp'( 'IT) is discrete. As a consequence, any Riemannian metric corresponding to this conformally flat structure on 'IT \ X is not conformally equivalent to the metric corresponding to the original conformally flat structure on Note that as a consequence, the following are equivalent: Let G be a closed subgroup with finitely many components in SO(l, n + 1).
(2) f is a discrete uniform subgroup of G. (1) The holonomy group f belongs to Sim(Rn). (2) PROOF. (1) = (2) . If f were not discrete, then f c Sim(Rn) and fifo has a virtually abelian subgroup of finite index. But this does not occur, by (ii) of Theorem 3.1. Thus f is discrete and, hence, virtually polycyclic.
(2) = (1). When f is virtually solvable, it is easy to see that f is discrete as above.
Then it follows from Corollary 2.4 that f c E(n) or L(f) consists of two points; i.e., f c SO(l, 1) X O(n). Thus there exists a closed subgroup G with noncompact radical for which f c G and L(f) = L( G) in each case. Hence we obtain from (i) of Theorem 3.1 that M is a euclidean space form or finitely covered by a Hopf manifold Sl X sn-1. Consequently, the holonomy group f belongs to Sim(Rn). 0
The following is a generalization of [6] which was obtained by private discussion with W. Goldman concerning the paper of Fried [5] . Recently, I was informed that R. Schoen and S. T. Yau obtained a similar result by a different method. 
Case 2. Suppose X' is incomplete. Then an argument similar to one in [5, p. 580] shows that there exists a certain nonempty set outside dX'. Thus where f1 = A () f is a nontrivial subgroup of 0(2). Moreover, we note that 0(2) leaves S1 fixed, where S1 = aH 2 and B is discrete in SO(l, 2). Since f2 is a finitely generated discrete subgroup of SO(1, 2), passing to a subgroup of finite index, it is either a free group of finite rank (~ 2) or isomorphic to the fundamental group of a compact surface of genus g (~ 2). Let M = 7T \ X be as before. If we prove that dX () S1 = 0, then the result follows from Corollary 3.2. Case 1. Suppose that f2 is uniform in SO(l, 2). It is easy to see
Since we can assume L(f) c adX as before, we obtain dX () Sl = 0. In this case, we know that d: X ~ H2 X S1 is covering. (See Step 1 of Theorem 3.1.) Case 2. Suppose that f2 is a free group. We will see that this case does not occur. L(f) = L(f2) is a totally disconnected perfect set lying in S1 () adx. By taking a subgroup of finite index in f if necessary, we may assume that f1 c SO (2) and that the exact sequence 1 ~ f1 ~ f ~ f2 ~ 1 is a central extension. (Note that every subgroup of finite index in f is finitely generated since 7T is.) Since f2 is a free group of finite rank (~ 2), this extension splits; i.e., f = f1 X f~, where f~ is isomorphic to f 2 . Thus, f~ is discrete in SO(1,2) X SO(2), and L(fn = L(f2)' If we set n = S3 -L(f2), then it follows from Proposition 2.1 and Corollary 2.5 that f~ acts properly discontinuously (and hence freely) on n. Since SO(2) leaves L(f~) (c Sl) fixed, the set L(f2) is invariant under the group SO(2) . f. We then have an induced action of SO(2) on f~ \ n, where it is noted that f~ is normal in SO(2) . f and SO(2) = SO(2) . f /f 2 . Choose an SO(2)-invariant Riemannian metric on f2 \ n, and let g be its lift of the metric on n. Now, suppose that dX () Sl 1= 0. Since dX c n, we see that SO(2) has a fixed point in n. Then the group of allliftings of SO(2) to isometries (relative to g) of n contains the group SO(2)· f. (For example, see [25] .) The immersion d: X ~ n defines a 7T-invariant Riemannian metric on X so that d is a local isometry. Since X is complete and n is simply connected, the map d: X ~ n is an isometry. This contradicts the fact that f is indiscrete, and hence dX () S1 = 0. Moreover, it follows from Corollary 3.2 that f2 is isomorphic to the fundamental group of a compact surface of genus g (~ 2). As a consequence, Case 2 cannot occur. This completes the proof of (2).
When f is discrete, the immersion d: X ~ dX is a covering by Corollary 2.10. 0
Note. The above conformally flat manifold f2 \ n is the connected sum of a finite number of copies of Hopf manifolds Sl X S2. This follows from the fact that f~ is a finitely generated Schottky-Fuchsian group (i.e., f2 is a free group of rank k (2 ~ k < 00) in PSL(2, R». Problem 1. Let f be a torsion free discrete subgroup of Conf(S3). If A = L(f) is a totally disconnected perfect set, then is f \ n the connected sum of a finite number of copies of euclidean space forms and Hopf manifolds? Problem 2. Let M3 be a closed conformally flat manifold whose development map is not surjective. Suppose that the boundary C of the development image is a Jordan curve. Then (1) If C is rectifiable, is M a Seifert fibered space of type (5) It is conceivable that Kulkarni's result [12, Theorem 6.11] gives an affirmative answer to Problem 1. In Problem 2, it is noted that the holonomy group f is discrete and L(f) = C. If one can prove that f is Fuchsian when C is rectifiable (and thus C = Sl), then (1) is true (d. [24] ). For (2) , by making use of quasi-Fuchsian groups, it is easy to see that the product Mg X Sl (where Mg is a compact surface of genus g ~ 2) admits a conformally flat structure for which the boundary is a nonrectifiable quasi-circle (cf. [28] PROOF. If f is not discrete, then as in the proof of Theorem 3.7, f sits in the following exact sequence:
Note that O(n -k) leaves Sk fixed (cf.
Step 3). Then f is contained in the group
Moreover, i(f2) is discrete and it acts properly discontinuously on U = sn -L(i(f2»' By taking a subgroup of finite index in f, we can assume that i(f2) acts freely on U. Now, if dX n Sk =1= 0, then it follows from the same argument of Theorem 3.7 that X admits a 'IT-invariant Riemannian metric for which d: X ---+ U is a local isometry. Since 'IT \ X is compact, X is complete, and hence d: X ---+ dX = U is a covering. 0
